Abstract The determining equations for the nonclassical symmetry reductions of nonlinear partial differential equations with arbitrary order can be obtained by requiring the compatibility between the original equations and the invariant surface conditions. The (2+1)-dimensional shallow water wave equation, Boussinesq equation, and the dispersive wave equations in shallow water serve as examples illustrating how compatibility leads quickly and easily to the determining equations for their nonclassical symmetries.
Introduction
The investigation of the exact solutions of nonlinear PDEs plays an important role in the study of nonlinear physical phenomena (shallow water waves, fluid physics, general relativity, etc.). [1−6] Symmetry analysis has played an important role in the construction of exact solutions to nonlinear partial differential equations (PDEs). [7−12] The modern approach for finding special solutions of systems of nonlinear PDEs was pioneered by Sophus Lie at the end of the nineteenth century. [13] There is still no general theory for finding analytical solutions to a nonlinear PDE system, but a variety of methods have been developed in the past few years by Ovsyannikov, [14] Ibragimov. [15] and others. Symmetry analysis has provided a unified explanation for the seemingly diverse and ad-hoc integration methods to solve ordinary differential equations. [16] The classical Lie method, originally developed by Lie, leads us to one-parameter groups of transformations (called classical symmetries or Lie point symmetries) acting on the space of the independent and dependent variables that leave the PDE system unchanged. The classical symmetries are solutions of an over-determined linear PDE system. Introduced by Bluman and Cole, [17] the nonclassical method yields the one-parameter group of transformations (called nonclassical symmetries) acting on the space of the independent and dependent variables of the system that leave all analytical solutions invariant. Also, nonclassical symmetries are solutions to an over-determined nonlinear PDE system. Note that any classical symmetry is a nonclassical symmetry, but not conversely. [18] Arrigo and Beckham [19] introduced the determining equations by the compatibility condition for evolutionary equations of arbitrary order in the form
where u x(r) = ∂ r x u and F, G are smooth functions of their arguments. Niu et al. [20−21] showed that the determining equations for the nonclassical method of nonlinear PDEs all can be obtained by the compatibility between the original equations and the invariant surface conditions. Wan and Chen [22] showed the nonclassical symmetries obtained in Refs. [19] [20] are not all the nonclassical symmetries.
In this paper, we will apply the compatibility conditions for a single as well as a system of PDEs, which are not considered in Refs. [19] [20] , to show that the compatibility conditions lead to the same results one can obtain by the nonclassical method. The structure of this paper is as follows. In Sec. 2 we recall briefly the classical and nonclassical Lie method for finding symmetries of PDE. The compatibility condition and some examples are illustrated in Sec. 3 and 4 respectively. The conclusion is given in Sec. 5.
Classical and Nonclassical Methods
We give a short introduction to the symmetry theory of PDEs. [18] Consider an r-th order PDE system
where each ∆ a is some polynomial expression in the n independent variables x = (x 1 , . . . , x n ) ∈ R n , m dependent variables u = (u 1 , . . . , u m ) ∈ R m and u (r) denotes all the partial derivatives of u with respect to x up to order n and the corresponding space. For any multi-index J = (j 1 , . . . , j k ) with 1 ≤ j i ≤ r, we denote
The general infinitesimal generator associated with the PDE system (2) is given by
and the r-th order prolongation is given by
where
The summation in (5) is carried out over all multi-indices J of order k, with 1 ≤ k ≤ r and D J denotes the so-called total derivative (or Hach) operator D J = D j1...j k where
The determining equations for the classical symmetries are given by pr
We substitute the r-th order prolongation of the vector field X given by the relations (5) and (6) into condition (7). Then we reduce the resulting equations by eliminating any dependence between all the partial derivatives u α J . Next we demand that the coefficients of u α J be zero. This yields an over-determined linear PDE system for the infinitesimal ξ i and φ α of the symmetry operator X. This system is called the determining equations of the symmetry group of the PDE system (2) .
The nonclassical method of Bluman and Cole [17] for finding symmetry reductions of a system of PDEs involves appending the invariant surface conditions to the system and finding the classical symmetries of the appended system. The invariant surface conditions are given by Ψ(x, u (1) ) = (Ψ 1 , . . . , Ψ m ) = 0, where
The determining equations for the nonclassical symmetries can be given by [23] 
It is worth noting that the determining equations for the classical symmetries are linear. However, the determining equations for the nonclassical symmetries are usually highly nonlinear.
Nonclassical Symmetries via Compatibility
Consider an r-th order PDE system (2) associated with the infinitesimal generator (4) and invariant surface conditions (8) . Thus, one can assume without loss of generality that ξ n = 1 (the case ξ n = 0 needs to be handled separately). In this case, let us denote by Y the new vector
Its associated invariant surface condition Ψ = 0 turns into
Now, we can find the determining equations of the nonclassical symmetries by the following two-step procedure. First, the invariant surface conditions (11) and its differential consequences are used to eliminate all the derivatives with respect to x n from the PDE system (2). This yields a new PDE system, say
for the unknown functions
. . , x n−1 (here x n is considered as a parameter). Note that the function Ω = (Ω 1 , . . . , Ωm) defining the system (12) depends on x and u [r] where by u [r] we denote all the partial derivatives of u α as functions only of (x 1 , . . . , x n−1 ) up to order r. Before applying the second step, we introduce the definition of compatibility condition as the following:
Definition The system of PDE (2) is compatible to the invariant surface condition (11) if the following conditions are hold
where J = (j 1 , . . . , j k ) is multi-index with 1 ≤ j i ≤ r and u
The right hand side of condition (13) is the total derivative for the invariant surface conditions (11) only. While the left hand side of condition (13) is the total derivative for the new PDE system (12) together with the condition (11) . If the PDE system (12) is of maximal rank, we can proceed with the second step: Substituting u α n from the invariant surface conditions (11) and u α J from the new PDE system (12) into the compatibility condition (13) and substituting for all partial derivatives of u α n and u α J when appearing in condition (13), we get an overdetermined nonlinear PDE system for the infinitesimals ξ i and φ α . This system gives the determining equations of the nonclassical symmetries associated with the system (2) via compatibility.
In this paper we apply the compatibility condition for some examples of PDEs to verify that the compatibility condition is a quick and easy method that leads to the same results one can obtain by the nonclassical method.
Applications to Some Nonlinear PDEs
In this section, we consider three different examples of PDEs, the (2+1)-dimensional shallow water wave equation, Boussinesq equation and the dispersive wave equations in shallow water.
(2+1)-Dimensional Shallow Water Wave Equation
In this subsection, we consider a PDE of the following form u yt = F (t, x, y, u, u x , . . . , u x(r−r−1)y(r) )u x(r−r)y(r) + G(t, x, y, u, u x , . . . , u x(r−r−1)y(r) ) .
We will consider a special case of this equation as an example when
The resulting equation is (2+1)-dimensional shallow water wave equation [24] u yt = −αu x u xy − βu y u xx − u xxxy ,
which we shall refer to as SWW21, where α and β are arbitrary, nonzero, constants. To study the nonclassical symmetry analysis via compatibility for Eq. (16), we consider the one-parameter Lie group of infinitesimal transformations in (x, y, t, u) given by
where ε is the group parameter. We then require that this transformation leaves Eq. (16) invariant. This leads to an over-determined linear system of equations for the infinitesimals ξ 1 (x, y, t, u), ξ 2 (x, y, t, u), ξ 3 (x, y, t, u), and φ(x, y, t, u). The associated Lie algebra of infinitesimal symmetries is the set of vector fields of the form
The invariant surface condition with ξ 3 = 1 is
The SWW21 equation can be written in the following form
The compatibility condition between Eqs. (19) and (20) takes the form
Expanding with Mathematica program and using (19) and (20) to eliminate u t , u tx , u txx , u ty , u txy , u txxy , u txxxy , u tyy , u xxxy , u xxxyy and setting the coefficients of (21) involving u x , u xx , u xxx , u xxxx , u xy , u xxy , u xxyy , u xyyy , u y , u yy , u yyy and various products to zero gives rise the following essential set of determining equations 
These equations are identical to the determining equations of nonclassical symmetries of (2+1)-dimensional shallow water wave equation in [24] . The solution of the determining equations above takes the following form:
where a 1 is an arbitrary constant and f (t), g(t) are arbitrary functions of t and h(y) is an arbitrary function of y and we denote differentiation with respect to t and y by prime and dot, respectively. The presence of arbitrary functions f (t), g(t) and h(y) necessarily leads to an infinite-dimensional Lie algebra of symmetries. The nonclassical Lie group of symmetries for SWW21 (16) after multiplying X by (3t + a 1 ) is
We can write a general element of this Lie algebra as
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The first is a scaling symmetry, the second is translation by t, the fourth implies that any occurrence of y in the solution may be replaced by an arbitrary function of y and the fifth means that one can add an arbitrary function of t to u. The associated nonzero Lie algebra between these vector fields becomes
[
which is obviously an infinite-dimensional Lie algebra of symmetries. A Virasora-Kac-Mody-type subalgebra is immediately obtained by restricting the arbitrary functions f and h to Laurent polynomials so that we have the commutators
Boussinesq Equation
In this subsection, we consider a PDE of the following form
which is the Boussinesq equation
The equation (32) is a soliton equation solvable by inverse scattering. [25] The Boussinesq equation arises in several physical applications: Propagation of long waves on shallow water, [26] one-dimensional nonlinear lattice-waves, [27] vibrations in a nonlinear string, [28] and ion sound waves in plasma. [29] The associated Lie algebra of infinitesimal symmetries is the set of vector fields of the form
The invariant surface condition with η = 1 is given by
We can write the Boussinesq equation (32) in the form
The compatibility condition between Eq. (34) and Eq. (35) is
With the aid of Mathematica program and using (34) and (35) to eliminate u t , u tx , u tt , u txx , u txxx , u xxxx and setting the coefficients of (36) involving u x , u xx , u xxx and various products to zero gives rise the following essential set of determining equations
These equations are identical to the determining equations of nonclassical symmetries of Boussinesq equation in [30] and their solution is
where f (t) and g(t) are functions of t only, satisfy the system of ordinary differential equations
If we put f (t) = θ ′ (t)/(2θ(t)), then there exist two cases of solutions as the following:
Case 2 f (t) = 0 then g(t) = b1f (t) + h(t), where
and b i (i = 1, 2, 3) are arbitrary constants. Then
which is a special case of Weierstrass elliptic function ℘(t, g 2 , g 3 ). The constants g 2 and g 3 are called the invariants of the Weierstrass elliptic functions and are related to the real and imaginary periods. The infinitesimal generator (33) in both two cases become
We can study the associated Lie algebra for the Boussinesq equation between the vector fields in all cases as the above examples.
Dispersive Equations in Shallow Water
In this subsection, we consider a system of PDEs of the following form
where α, β, γ = 1, 2, . . . , m. We will consider a special case of this system of PDEs as an example when m = 2, r = 3, u 1 = h(x, t), u 2 = u(x, t) ,
i.e.,
which is the dispersive wave equations in shallow water.
The shallow water equations on a flat bottom are obtained when the constant κ is set equal to zero. Equations (45) and (46) are derived first by Whitham [31] for dispersive waves in shallow water under the Boussinesq approximation. A variant of Eq. (46), where h xxx is replaced by h xtt is the form usually quoted for Boussinesq's equations. [32] The model is an integrable model under the meaning that the model can be cast into the canonical Hamiltonian form to use Dirac , s theory of constraints. [33−34] The associated Lie algebra of infinitesimal symmetries is the set of vector fields of the form
The invariant surface conditions with η = 1 are given by
We can write the Eqs. (45) and (46) in the form
The compatibility conditions between Eqs. (48), (49), (50), and (51) are 
By solving the determining equations above we can find the components of the the isovector fields via compatibility as the following
where ξ(t), f (t), and g(t) are functions of t only, satisfy the following system of ordinary differential equations
This solution is identically the nonclassical symmetries of the dispersive wave equations in shallow water wave calculating via nonclassical method. [35] It is easy to solve the system of ordinary differential equations (56) and find the infinitesimal symmetries (47) after multiplying X by (t + a 1 ) as the following:
Conclusion
From the above examples we can write the following:
Conjecture The compatibility condition (13) between the PDE system (2) and invariant surface condition (11) for finding the determining equations of the nonclassical symmetries is equivalent to the infinitesimal equation (7) for the r-th order prolongation of the vector X with the invariant surface condition i.e., 
Remark 1 Although, the determining equations of the nonclassical symmetries associated with the system (2) form a nonlinear PDE system for the infinitesimals ξ i and φ α , this system can be solved in all cases, even with some conditions on its solutions.
Remark 2
We can find the determining equations of the nonclassical symmetries associated with the system (2) by using two methods. One method introduced in Sec. 2. is called the nonclassical method while the other method introduced here, will be called the compatibility method.
Remark 3
In the case of a single PDE as well as a system of PDEs the compatibility method and nonclassical method give the same determining equations.
In this paper, we have discussed for a class of the nonlinear PDEs (2) with arbitrary order, which are not discussed in Refs. [19] [20] [21] , why and how the determining equations for the nonclassical symmetries can be easily and quickly derived through the compatibility between the original equations (2) and the invariant surface conditions (13) . The idea of compatibility is actually very central in deriving exact solutions to PDEs using symmetry methods. For example, a classical symmetry leads to an invariant surface condition whose solution leads to a reduction of the original equation.
